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1. INTRODUCTION 
Let f be an entire function which is the L’ Fourier transform of 
$ E L2[ -C, 01. It is shown in [6] that f is nonzero on at least one open 
interval of the real axis of length d > n/a. As an immediate corollary it 
follows that if f(nrr/o) = 0, n E Z then f = 0. 
In Section 2 this idea is extended to the class of uniformly almost 
periodic functions M(R), initiated by H. Bohr and developed by 
A. S. Besicovitch [ 11. The mean value of .fe AI’(R) is defined by 





f(x) d-y = M(f), 
uniformly in c, even as c varies together with T. 
By Bohr’s fundamental theorem of uniformly almost periodic functions, 
iffEAP(R) then I~~‘EAP(IW) and 
where (a(~,,)) is the countable sequence of Fourier coefkients such that p, 
is real and 
Our main result depends on the following theorem of Boas [2, p. 1091. 
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THEOREM 1. Let f(z) be an entire function of exponential type o, 
untformly almost periodic on the real axis. Then the Fourier series of f(z) is 
of the form 
f(Z)- f akeiAk’, IlkI 6 u. 
k=l 
The converse of this theorem is essentially proved in [3, pp. 106-1071. In 
Section 2 we prove the following. 
THEOREM 2. Let f(z) be an entire function of exponential type a, 
untformly almost periodic on the real axis, and with Fourier series 
f(z)- f akeiAk’, l&l < 0. 
k=t 
In the case that the sum is finite, assume that at least one l&l is strictly 
less than o. Then f is nonzero on at least one open interval of the real axis 
of length d > X/U. 
COROLLARY 3. Suppose f satisfies the hypotheses of Theorem 2 and 
f(m/a + ic) = 0 for some real c and n E Z. Then f = 0. 
The example f(x) = eio.r - e - ‘“-“=2isin crx shows that at least one strict 
inequality I&( <d is necessary. In this example f is the Fourier transform 
of a distribution with support {cr} u { -D}. In general if T is a tempered 
distribution with supp TG [ -cr, a], then the Fourier transform of T is an 
entire function f satisfying a growth condition [S, p. 211. The condition 
analogous to the strict inequality is that supp Tn ( -a, a) # 4. However, 
with this assumption, it does not follow that f satisfies the conclusion of 
Theorem 2. In Section 3 we show one way to construct a counter example, 
using Kadec’s i-theorem. 
2. ALMOST PERIODIC FUNCTIONS 
For the proof of Theorem 2 we shall need the following lemma. 
LEMMA. Wirtinger ‘s Inequality. Suppose f is a complex-valued function 
defined on an interval [a, b] with f E C ’ [a, b] and f (a) = f (6) = 0. Then 
I ab ,f(x),2dx$=&-ab If’(x)12dx. 
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Proof. The theorem is proved forfreal-valued in [4, p. 1851. It follows 
for f complex-valued by considering the real and imaginary parts 
separately. 
Proof of Theorem 2. Since f is entire of exponential type and bounded 
on the real axis it is also bounded on horizontal strips. By a standard 
argument [1, p. 1421, it follows that f’ is uniformly continuous on the 
real axis. Then by Bochner’s theorem [ 1, p. 61, f’ is uniformly almost 
periodic on the real axis. 
Integration by parts shows that for any p 
Now we may apply Bohr’s fundamental theorem to .f and f '. Since the A, 
are real it follows by the hypothesis that there exists at least one Ak such 
that IA,1 < 0, and hence 
WIf'12) --'W.f12). (1) 
To prove the theorem it suffices to consider the case in which f has 
infinitely many zeros on the real axis. Since f is entire the zeros cannot 
accumulate at any finite point. Suppose the distance between any 
consecutive pair of zeros is less than or equal to L. The theorem will 
follow if we show that L > rc/(r. 
Suppose that a and b are consecutive zeros. Then by Wirtinger’s 
inequality 
Since, as mentioned in the Introduction, the calculation of the mean 
value is uniform we can sum over consecutive pairs of zeros to obtain 
From equations (1) and (2) 
(2) 
and we conclude that L > n/c. 
540 W.J.WALKER 
Proof of Corollary 3. By an argument of Bohr [3, p. 1021, f is 
uniformly almost periodic on each horizontal line. See, also [l, p. 1471, 
where the Parseval equality is obtained on each horizontal line (in fact 
vertical strips are used) and the Fourier exponents are shown to be 
independent of c. The argument of Theorem 2 may be applied to each line 
x + ic and the corollary follows. 
3. A COUNTER EXAMPLE 
In this section we show the existence of a distribution T such that: 
(i) suppTc[-a,a] andsuppTn(-a,a)#& 
(ii) The Fourier transform of T is an entire function F with infinitely 
many zeros on the real axis such that the distance between any pair of 
consecutive zeros is less than ~C/CJ. 
For convenience we take (T= X. The construction depends on Kadec’s 
$-theorem [7, p. 421. We choose L, 0 CL < l/4. Then the set of complex 
exponentials {e”“‘> is a Riesz basis for L’[ - 7c, X] and hence is exact when 
10 = 0 
“.,=“-L(l--&). n= +I, +2,... 
M+,(,-A), n= -1, -2 ).... 
If eih’ is deleted from this set there exists an entire function f with zeros at 
1, for n = + 1, f 2, . . . . and f is the Fourier transform of $ E L*[ -n, n]. 
The function F(Z) = zf(z) has zeros which satisfy the condition (ii). Also 
F is the Fourier transform of a distribution T which is the distributional 
derivative of $. It is easily seen that $ cannot be a constant and hence T 
satisfies (i). 
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